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QCD at finite isospin chemical potential µI possesses a positively definite fermion determinant and the lattice
simulation can be successfully performed. While the two-flavor effective models may be sufficient to describe
the phenomenon of pion condensation, it is interesting to study the roles of the strangeness degree of freedom and
the UA(1) anomaly. In this paper, we present a systematic study of the three-flavor Nambu–Jona-Lasinio model
with a Kobayashi-Maskawa-’t Hooft (KMT) term that mimics the UA(1) anomaly at finite isospin chemical
potential. In the mean-field approximation, the model predicts a phase transition from the vacuum to the pion
superfluid phase, which takes place at µI equal to the pion mass mπ. Due to the UA(1) anomaly, the strangeness
degree of freedom couples to the light quark degrees of freedom and the strange quark effective mass depends on
the pion condensate. However, the strange quark condensate and the strange quark effective mass change slightly
in the pion superfluid phase, which verifies the validity of the two-flavor models. The effective four-fermion
interaction of the Kobayashi-Maskawa-’t Hooft term in the presence of the pion condensation is constructed.
Due to the UA(1) anomaly, the pion condensation generally induces scalar-pseudoscalar interaction. The Bethe-
Salpeter equation for the mesonic excitations is established and the meson mass spectra are obtained at finite
isospin chemical potential and temperature. Finally, the general expression for the topological susceptibility χ
at finite isospin chemical potential µI is derived. In contrast to the finite temperature effect which suppresses χ,
the isospin density effect leads to an enhancement of χ.
PACS numbers: 11.10.Wx, 12.38.-t, 25.75.Nq
I. INTRODUCTION
Good knowledge of quantum chromodynamics (QCD) at
finite temperature and density is important for us to under-
stand a wide range of physical phenomena. To understand
the evolution of the early Universe in the first few seconds,
we need the nature of the QCD phase transition at tempera-
ture T ∼ 170MeV and nearly vanishing baryon density. On
the other hand, to understand the physics of compact stars,
we need the knowledge of the equation of state and dynamics
of QCD matter at high baryon density and low temperature.
Lattice simulation of QCD at finite temperature and vanishing
density has been successfully performed. However, at large
baryon density the lattice simulation has not yet been success-
fully done due to the sign problem [1]: The fermion deter-
minant is not positively definite in the presence of a nonzero
baryon chemical potential µB.
To study the nature of strongly interacting matter at finite
density, we thus look for some special theories that possess a
positively definite fermion determinant. One case is the so-
called QCD-like theories at finite baryon density [2], where
quarks are in a real or pseudoreal representation of the gauge
group, including two-color QCD with quarks in the funda-
mental representation and QCD with quarks in the adjoint rep-
resentation. While these theories are not real QCD, they can
be simulated on the lattice [3] and may give us some informa-
tion of real QCD at finite baryon density. Another interesting
case is real QCD at finite isospin chemical potential µI [4],
where the chemical potentials for light u and d quarks have
opposite signs and hence the fermion determinant is positively
definite. Chiral perturbation theory and other effective models
predict a continuous quantum phase transition from the vac-
uum to the matter phase at µI equal to the pion mass mπ [4–
6], in contrast to the finite µB case, where the phase transition
takes place at µB approximately equal to the nucleon mass mN.
This transition has also been verified by lattice simulations of
QCD at finite isospin chemical potential [7]. The resulting
matter near the quantum phase transition is a dilute Bose con-
densate of pions with weakly repulsive interactions [8].
The Bose-Einstein condensation (BEC) phenomenon is be-
lieved to widely exist in dense strongly interacting matter. For
example, pions or kaons can condense in neutron star matter
if the electron chemical potential exceeds the effective mass
for the pions or kaons [9–12]. However, the condensation
of pions and kaons in neutron star matter is rather compli-
cated due to the meson-nucleon interactions in dense nuclear
medium. On the other hand, at asymptotically high density,
perturbative QCD calculations show that the ground state of
dense QCD is a weakly coupled BCS superfluid with the con-
densation of overlapping Cooper pairs [13]. For QCD at fi-
nite isospin density, it is interesting that the dense BCS super-
fluid and the dilute pion condensate have the same symmetry-
breaking pattern and thus are continued with one another[4].
They are both characterized by the nonzero expectation value
〈u¯iγ5d〉 , 0. In condensed matter physics, this phenomenon
was first discussed by Eagles [14] and Leggett [15] and is now
called BEC-BCS crossover[16]. The BEC-BCS crossover in
dense relativistic systems as well as in dense QCD matter has
been extensively studied in recent years [17, 18].
While the two-flavor effective models of QCD may be suf-
ficient to describe the phenomenon of pion condensation at
finite isospin density, it is interesting to study the roles of
the strangeness degree of freedom and the UA(1) anomaly.
The Nambu–Jona-Lasinio (NJL) model [19] with quarks as
elementary blocks, which describes well the mechanism of
chiral symmetry breaking and low-energy phenomenology of
the QCD vacuum, is generally believed to work at low and
2moderate temperatures and densities [20]. The pion and kaon
condensation in the three-flavor NJL model without UA(1)
anomaly has been studied by Barducci et al. [21] and by
Warringa et al. [22]. It is well known that the Kobayashi-
Maskawa-’t Hooft (KMT) term, which mimics the UA(1)
anomaly in the NJL model, is crucial to describe the η − η′
mass splitting and therefore the meson spectra of QCD [20].
Therefore, to study the meson spectra at finite isospin chemi-
cal potential, we need to consider the KMT term.
The Lagrangian density of the three-flavor Nambu–Jona-
Lasinio model is given by [20]
LNJL = ¯ψ(iγµ∂µ − mˆ0)ψ +LS + LKMT, (1)
where ψ = (u, d, s)T denotes the quark field and mˆ0 represents
the current quark mass matrix mˆ0 = diag(mu,md,ms). In this
work we assume isospin symmetry, i.e., mu = md ≡ ml. The
four-fermion interaction term LS is given by
LS = G
N2f−1∑
α=0
[
( ¯ψλαψ)2 + ( ¯ψiγ5λαψ)2
]
, (2)
where N f = 3 for our three-flavor model, λα are the Gell-
Mann matrices in flavor space with λ0 =
√
2/3I, and G is
the coupling constant. This term represents the interactions
with flavor UL(3)×UR(3) symmetry in scalar and pseudoscalar
channels. However, in real QCD the flavor symmetry (in the
chiral limit ml = ms = 0) is broken down to SUL(3)×SUR(3)×
UB(1) due to the UA(1) anomaly. In the NJL model, this can
be realized by adding the so-called KMT term LKMT to the
Lagrangian density. It reads
LKMT = −K
[det ¯ψ(1 + γ5)ψ + det ¯ψ(1 − γ5)ψ] . (3)
The KMT term contains six-fermion interactions in the three-
flavor case. The coupling constant G and the UA(1) breaking
strength K can be determined by the vacuum phenomenology
of QCD. It has been shown that the three-flavor NJL model
with KMT term describes well the meson spectra of QCD,
especially the η − η′ mass splitting [20]. In this paper we
shall present a systematic study of this model at finite isospin
chemical potential µI.
The above three-flavor NJL model also enables us to study
the behavior of the topological susceptibility χ at finite isospin
chemical potential µI. The topological susceptibility χ is a
fundamental correlation function in QCD and is the key to
understanding much of the distinctive dynamics in the UA(1)
channel. The general expression of χ to the leading order in
the 1/Nc expansion at finite temperature and vanishing chem-
ical potentials for the three-flavor NJL model has been de-
rived by Fukushima et al. [23]. It was shown that the tem-
perature effect suppresses the topological susceptibility χ. On
the other hand, the finite-temperature behavior of the topolog-
ical susceptibility can also be determined by lattice QCD [24].
Therefore, the temperature dependence of the UA(1) anomaly
strength K in the NJL model may be determined by using the
lattice data. A relatively small K at large temperature may
signal an effective restoration of the UA(1) anomaly. In this
paper we will calculate the topological susceptibility χ at fi-
nite isospin chemical potential µI. Since we have no available
lattice data for χ at finite µI, we will treat K as a constant.
While one may expect a similar suppression of χ as in the case
at finite temperature, we find instead a clear enhancement at
finite isospin density. Our model prediction may be tested by
future lattice simulations, and the µI dependence of the UA(1)
anomaly strength K may also be determined by using our ex-
pression of χ.
The paper is organized as follows. In Sec. II, we study
the three-flavor NJL model in the mean-field approximation,
which enables us to obtain the chiral and pion condensates,
the phase diagram, and the equation of state at finite isospin
chemical potential. In Sec. III, we construct the effective four-
fermion interaction of the KMT term in the presence of the
pion condensation. Using the effective four-fermion interac-
tion, the mesonic excitations at finite isospin chemical poten-
tial are studied within the random-phase approximation. The
topological susceptibility at finite isospin chemical potential
is investigated in Sec. IV. We summarize in Sec. V.
II. MESON CONDENSATION IN MEAN-FIELD
APPROXIMATION
To study the three-flavor NJL model at finite chemical po-
tentials and temperature, we introduce the chemical potential
matrix µˆ = diag(µu, µd, µs), where
µu =
µB
3 +
µI
2
, µd =
µB
3 −
µI
2
, µs =
µB
3 − µS. (4)
Here µB, µI and µS are referred to as the baryon chemical po-
tential, isospin chemical potential, and strangeness chemical
potential, respectively. At finite temperature and chemical po-
tentials, the partition function of the NJL model reads
Z(T, µB, µI, µS) =
∫
[d ¯ψ][dψ] exp
[
−
∫ β
0
dτ
∫
d3xL
]
, (5)
where L = LNJL + ¯ψµˆγ0ψ and β is the inverse of the tempera-
ture T .
However, the partition function Z(T, µB, µI, µS) cannot be
evaluated precisely. The standard approach for the NJL model
is to replace some composite (meson) fields by their expecta-
tion values and therefore replace the Lagrangian density L by
its mean-field approximation Lmf [20]. To this end, we first
introduce the chiral condensates for the three quark flavors,
σu = 〈u¯u〉, σd = 〈 ¯dd〉, σs = 〈s¯s〉. (6)
It is well known that these condensates are nonzero in the
vacuum, corresponding to the spontaneous chiral symmetry
breaking of the QCD vacuum in the chiral limit ml = ms = 0.
At finite isospin and strangeness chemical potentials, some
pseudoscalar condensates may arise, corresponding to the
condensation of pions and kaons. Therefore, we also intro-
duce the following pseudoscalar condensates:
φud = 2〈u¯iγ5d〉, φus = 2〈u¯iγ5s〉, φds = 2〈 ¯diγ5s〉. (7)
A nonzero isospin chemical potential µI breaks the isospin
symmetry SUI(2) down to UI(1) with generator I3. The
3nonzero expectation value of the pseudoscalar condensate
φud spontaneously breaks the residual UI(1) symmetry, corre-
sponding to Bose-Einstein condensation of charged pions. On
the other hand, if φus , 0 or φds , 0, the US(1) symmetry cor-
responding to the conservation of strangeness becomes spon-
taneously broken, corresponding to the Bose-Einstein conden-
sation of kaons.
The general form of the mean-field Lagrangian density Lmf
takes the form
Lmf = ¯ψ(S−10 + Σ)ψ −V (8)
where S−10 = iγµ∂µ + µˆγ0 − mˆ0, Σ is the quark self-energy
in the mean-field approximation, and V is the condensation
energy that is independent of the quark fields. In the presence
of pion and kaon condensation, the self-energy is not diagonal
in flavor and can be expressed as
Σ =

Σuu Σud Σus
Σdu Σdd Σds
Σsu Σsd Σss
 . (9)
Accordingly, the quark propagator S is also not diagonal. To
get the mean-field Lagrangian density Lmf , we replace any
composite field operator O by O = 〈O〉 + δ and keep only the
lowest order in the fluctuation δ. For the KMT term LKMT,
it contains six-fermion interaction. The determinant is taken
over the flavor space. We have
det ¯ψΓψ = det

u¯Γu u¯Γd u¯Γs
¯dΓu ¯dΓd ¯dΓs
s¯Γu s¯Γd s¯Γs
 , (10)
where Γ = 1±γ5. Therefore, in the presence of meson conden-
sates φud, φus, and φds, the off-diagonal components contribute
and the mean-field approximation of the KMT term should be
taken carefully.
After some tedious calculations, we obtain the expression
for the condensation energy,
V = 2G(σ2u + σ2d + σ2s) +G(|φud|2 + |φus|2 + |φds|2)
− 4Kσuσdσs − K(|φud|2σs + |φus|2σd + |φds|2σu). (11)
With the result of the self-energy, the inverse of the quark
propagator S can be expressed as
S−1 = S−10 + Σ
=

iγµ∂µ − Mu Σud Σus
Σdu iγµ∂µ − Md Σds
Σsu Σsd iγµ∂µ − Ms
 + µˆγ0, (12)
where the effective quark masses are defined as
Mu = mu − 4Gσu + 2Kσdσs + K2 |φds|
2,
Md = md − 4Gσd + 2Kσuσs +
K
2
|φus|2,
Ms = ms − 4Gσs + 2Kσuσd + K2 |φud|
2 (13)
and the off-diagonal components of the self-energy read
Σud = Σ
∗
du = iγ5(2G − Kσs)φ∗ud +
K
2
φ∗usφds,
Σus = Σ
∗
su = iγ5(2G − Kσd)φ∗us +
K
2
φ∗udφ
∗
ds,
Σds = Σ
∗
sd = iγ5(2G − Kσu)φ∗ds +
K
2
φudφ
∗
us. (14)
An alternative way for calculating the mean-field approx-
imation to the self-energy Σ is to Wick-contract all possible
pairs of creation and destruction field operators in the La-
grangian, so that only two remain “alive” as field operators.
To the lowest order in the 1/Nc expansion, the result from
this method should be consistent with the mean-field approx-
imation. In the absence of meson condensates, the above ex-
pressions recover the well-known result for the three-flavor
NJL model [20]. However, in the presence of meson conden-
sates, we find that they contribute to the effective quark masses
Mi(i = u, d, s) due to the UA(1) anomaly.
Having obtained the mean-field approximation of the La-
grangian density, we can work out the path integral by replac-
ing L with Lmf . The mean-field approximation to the thermo-
dynamic potential reads
Ωmf = V −
1
βV
Tr lnS−1. (15)
In general, the physical values of the condensates can be ob-
tained by minimizing the thermodynamic potential at given
temperature and chemical potentials. In this work, we focus
on the case µB = µS = 0 and µI , 0. In this case, we have
σu = σd ≡ σl and φus = φds = 0 (no kaon condensation). The
thermodynamic potential can be analytically evaluated as
Ωmf = G(4σ2l + 2σ2s + |φud|2) − Kσs(4σ2l + |φud|2)
− 2Nc
∫ d3k
(2π)3
(
E+k + E
−
k + E
s
k
)
− 4NcT
∫ d3k
(2π)3
[
ln
(
1 + e−βE+k
)
+ ln
(
1 + e−βE−k
)
+ ln
(
1 + e−βEsk
) ]
, (16)
where the dispersions are defined as
E±k =
√
(Elk ± µI/2)2 + |∆|2,
Elk =
√
k2 + M2l ,
E sk =
√
k2 + M2s . (17)
Here the effective quark masses for light and strange quarks
have been reduced to
Ml = mq − 4Gσl + 2Kσlσs,
Ms = ms − 4Gσs + 2Kσ2l +
K
2
|φud|2, (18)
and the quantity ∆ is given by
∆ = (2G − Kσs)φud. (19)
4Since the thermodynamic potential depends only on |φud|2, we
can set φud and ∆ to be real values without loss of generality.
This is related to the spontaneous breaking of the UI(1) sym-
metry, which means the phase of the order parameter φud can
be chosen arbitrarily.
In the momentum space, the quark propagator S(k) takes
the form
S(k) =

Suu(k) Sud(k) 0
Sdu(k) Sdd(k) 0
0 0 Ss(k)
 , (20)
where k = (iωn, k) with ωn = (2n+ 1)πT (n integer) being the
fermion Matsubara frequency. The nonzero components can
be analytically evaluated as [25]
Suu(k) =
iωn + ξ−k
(iωn)2 − (E−k )2
Λ
l
+
γ0 +
iωn − ξ+k
(iωn)2 − (E+k )2
Λ
l
−γ0,
Sdd(k) =
iωn − ξ−k
(iωn)2 − (E−k )2
Λ
l
−γ0 +
iωn + ξ+k
(iωn)2 − (E+k )2
Λ
l
+
γ0,
Sud(k) = i∆(iωn)2 − (E−k )2
Λ
l
+
γ5 +
i∆
(iωn)2 − (E+k )2
Λ
l
−γ5,
Sdu(k) = i∆(iωn)2 − (E−k )2
Λ
l
−γ5 +
i∆
(iωn)2 − (E+k )2
Λ
l
+
γ5,
Ss(k) = 1iωn − E sk
Λ
s
+
γ0 +
1
iωn + E sk
Λ
s
−γ0, (21)
where ξ±k = E
l
k ± µI/2 and the energy projectors Λl± and Λs±
are defined as
Λ
l
± =
1
2
1 ± γ0(γ · k + Ml)Elk
 ,
Λ
s
± =
1
2
[
1 ± γ0(γ · k + Ms)
E sk
]
. (22)
The gap equations that determine the physical values of the
chiral and pion condensates can be obtained by minimizing
the thermodynamic potential Ωmf . Self-consistently, they can
also be derived from the Green’s function relations. We have
σl =
Nc
β
∑
n
∫ d3k
(2π)3 TrDSuu(k)
=
Nc
β
∑
n
∫ d3k
(2π)3 TrDSdd(k),
σs =
Nc
β
∑
n
∫ d3k
(2π)3 TrDSs(k),
φud = 2
Nc
β
∑
n
∫ d3k
(2π)3 TrD
[Sdu(k)iγ5] , (23)
where the trace runs only in the spin space. Finally, we get the
explicit expressions of the gap equations
σs = −2NcMs
∫ d3k
(2π)3
1 − 2 f (E sk)
E sk
,
σl = −NcMl
∫ d3k
(2π)3
1
Elk
∑
α=±
ξαk
Eαk
(1 − 2 f (Eαk)),
φud = 2Nc∆
∫ d3k
(2π)3
∑
α=±
1 − 2 f (Eαk)
Eαk
, (24)
where f (E) = 1/(eβE + 1) is the Fermi-Dirac distribution.
Now we turn to numerical results. The NJL model is non-
renormalizable and we introduce an ultraviolet cutoff Λ for
the three-momentum to regularize the divergent integrals. The
model therefore has five parameters, the current quark masses
ml and ms, the coupling constant G, the anomaly coupling
K, and the cutoff Λ. For the light quark mass, we choose
ml = 5.5MeV. The others can be determined by recovering
the well-measured vacuum phenomenology. Here we employ
the pion decay constant and the masses of the pion, kaon, and
the η′ meson. The data we adopted are fπ = 92.4, mπ = 135.0,
mK = 497.7, and mη′ = 957.8MeV. The model parameters
obtained by fitting these data are ml = 5.5, ms = 140.7,
Λ = 602.3MeV, GΛ2 = 1.835, and KΛ5 = 12.36 [26].
Such a parameter set leads to the quark chiral condensate
〈¯ll〉0 = −(241.9MeV)3 and 〈s¯s〉0 = −(257.7MeV)3 and the
constituent quark masses Ml = 367.7 and Ms = 549.5MeV.
A. Condensates and phase diagram
In Fig. 1 we show the behavior of the chiral and pion con-
densates with increasing temperature T at vanishing isospin
chemical potential. In this case, pion condensation does
not arise. The system undergoes a crossover from the low-
temperature hadronic matter to the high-temperature quark
matter. The results for the chiral condensates shown here are
consistent with those reported in the previous studies [26, 27].
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FIG. 1. The chiral and pion condensates as functions of the tempera-
ture T at vanishing isospin chemical potential µI = 0. σl and φud are
scaled by 〈¯ll〉0 and 2〈¯ll〉0, respectively, and σs is scaled by 〈s¯s〉0. In
the following we use the same quantities to scale the chiral and pion
condensates.
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FIG. 2. The chiral and pion condensates as functions of the isospin
chemical potential µI at zero temperature.
We are most interested in the case of zero temperature and
finite isospin chemical potential. Since the charged pions (π±)
are the lightest mesons that carry isospin quantum number, we
expect that they get condensed as long as the isospin chemi-
cal potential µI exceeds a critical value. Without loss of gen-
erality, we study the case µI > 0. Solving the coupled gap
equations, we obtain the evolution of the chiral and pion con-
densates with increasing isospin chemical potential, as shown
in Fig. 2. We find that the onset of pion condensation is lo-
cated precisely at µI = mπ, as has been shown analytically
in the two-flavor NJL model [6]. In the three-flavor model,
this can also be shown explicitly. In the regime |µI| < mπ,
the chiral condensates keep their values in the vacuum, which
means that the system stays in the vacuum for |µI| < mπ and no
isospin charge is excited. At the onset of pion condensation,
we have from the gap equations
1 = 2Nc(2G − Kσs)
∫ d3k
(2π)3
2Elk
(Elk)2 − µ2I /4
. (25)
This equation coincides with the mass equation for the pion in
the vacuum and gives precisely µI = mπ.
When the isospin chemical potential µI exceeds the criti-
cal value mπ, the light quark chiral condensate σl decreases
significantly and the isospin density is generated due to the
appearance of condensed pions. The behavior of the pion con-
densate φud and the light quark chiral condensate σl is similar
to that found in the two-flavor model [6]. Let us now focus
on the roles of the strangeness and the UA(1) anomaly. In
the absence of the UA(1) anomaly, i.e., K = 0, the gap equa-
tion for the strange quark chiral condensateσs decouples from
the other two equations. Therefore, the strangeness degree
of freedom has nothing to do with the pion condensation for
K = 0. The strange quark chiral condensate σs just keeps
its vacuum value no matter how large µI is. However, in the
presence of the UA(1) anomaly, the strange quark chiral con-
densate σs couples to the other condensates through the non-
vanishing anomaly strength K. Therefore, the strange quark
chiral condensate should change in the pion condensed phase.
However, from its behavior in Fig. 2, we find that its change
is very slight. In Fig. 3, we show a zoom plot for the strange
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FIG. 3. A zoom look at the behavior of the strange quark chiral con-
densate σs and the strange quark effective mass Ms at finite isospin
chemical potential.
quark chiral condensate σs. It starts to increase at the onset
of pion condensation. However, the value is only increased
by about 1% at µI = 5mπ. The behavior of the strange quark
effective mass Ms is also shown in Fig. 3. It is increased by
about 12MeV at µI = 5mπ. Therefore, our studies of the three-
flavor NJL model verify the validity of the two-flavor models
in the description of pion condensation.
At finite temperature, the pion condensate gets melted. In
general there exists a phase transition from the pion superfluid
phase to the normal phase with φud = 0. In the present model,
we find this transition is of second order. In Fig. 4, we show
the finite-temperature behavior of the chiral and pion conden-
sates at µI > mπ. The temperature effect, while reduces the
pion condensate φud and the strange quark chiral condensate
σs, enhances the light quark chiral condensate σq in the su-
perfluid domain T < Tc. At high temperature, all condensates
are suppressed by the temperature effect.
In Fig. 5, we show the phase diagram of the present model
in the T -µI plane. The phase boundary between the superfluid
phase and the normal phase is determined by the line where
the pion condensate φud vanishes. For the normal phase in
the domain µI < mπ, there exists a crossover from the low-
temperature hadronic matter to the high-temperature quark
matter that we do not show explicitly. In the superfluid phase
we also expect a BEC-BCS crossover from pion condensa-
tion to quark-antiquark condensation. Near the onset of pion
condensation µI = mπ, the system can be identified as a di-
lute Bose-Einstein condensate of weakly interacting pions.
However, at large isospin density, the pions no longer remain
tightly bound bosons, and the system becomes a BCS super-
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FIG. 4. The chiral and pion condensates as functions of the temper-
ature T at fixed isospin chemical potential µI = 250MeV.
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FIG. 5. Phase diagram of the three-flavor NJL model in the T -µI
plane. The normal and superfluid phases correspond to the phases
with vanishing and nonvanishing pion condensates, respectively. The
black dashed line denotes the BEC-BCS crossover from pion to
quark-antiquark condensation.
fluid with condensation of quark-antiquark pairs (but with the
same quantum number of pions). According to the spirit of
the BEC-BCS crossover [16], the crossover can be estimated
by studying the fermionic excitation spectrum. Here we focus
on the excitation spectrum E−k [17, 18]. Its minimum remains
at k = 0 for Ml > µI/2 but shifts to nonzero momentum if
Ml < µI/2. The BEC-BCS crossover line can be estimated
by the condition Ml(µI) = µI/2. This line is shown in Fig.
5. A clear picture the BEC-BCS crossover can be shown by
studying the behavior of the pions above the superfluid criti-
cal temperature Tc. In the BEC domain, the pions are bound
bosons above Tc. However, they become loose resonances at
the BCS side.
B. Equation of state
In the final part of the section, we study the equation of state
of the isospin matter. Here we focus on the zero temperature
case.
In Fig. 6, we show the isospin density nI as a function of
the isospin chemical potential µI. In the mean-field approxi-
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FIG. 6. The isospin density nI (scaled by f 2π mπ) as a function of the
isospin chemical potential µI.
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FIG. 7. The pressure and energy densities, p and ǫ, as functions
of the isospin chemical potential µI. They have been scaled by the
quantity 20 f 2π m2π. The ratio p/ǫ is also shown.
mation, the isospin density nI reads
nI = Nc
∫ d3k
(2π)3
(
ξ+k
E+k
− ξ
−
k
E−k
)
. (26)
From this expression, we see clearly that the isospin density
remains zero for the regime |µI| < mπ, and it becomes nonzero
in the superfluid phase. Near the onset of pion condensation,
the numerical result agrees well with that predicted by the chi-
ral perturbation theory,
nI ≃ f 2π µI
1 − m4π
µ4I
 . (27)
However, at large isospin chemical potential, this behavior no
longer holds, since the system undergoes BEC-BCS crossover
and is no longer Bose-Einstein condensate of weakly interact-
ing pions.
In Fig. 7 the pressure p and the energy density ǫ are shown
as functions of the isospin chemical potential. They keep van-
ishing in the regime |µI| < mπ, and arise in the superfluid phase
due to the appearance of condensed pions. In Fig. 8, we show
the energy density ǫ scaled by its Stefan-Boltzmann limit,
ǫSB =
N f Nc
4π2
(
µI
2
)4
. (28)
7FIG. 8. (color online). The energy density ǫ scaled by its Stefan-
Boltzmann limit as a function of the isospin chemical potential µI.
The colorful data are taken from recent lattice simulation [28]. Dif-
ferent colors correspond to different lattice spatial spacings used in
the simulation.
The result from recent lattice simulation [28] with a larger
pion mass mπ ∼ 390MeV is also shown as a comparison. We
find that the scaled energy density ǫ/ǫSB shows a peak near
the onset of the pion condensation (at µI ≃ 1.3mπ), which is
consistent with the lattice result.
III. MESONIC EXCITATIONS IN THE RANDOM-PHASE
APPROXIMATION
In the spirit of the Nambu–Jona-Lasinio model, the mesons
are regarded as collective excitations [19, 20]. The meson
propagator, to the leading order in 1/Nc, can be constructed
by an infinite sum of the quark-antiquark ring diagrams as-
sociated with the four-fermion interaction, or the so-called
random-phase approximation that is recognized to be a ge-
ometric progression. However, in the present three-flavor
model, the interaction terms contains not only four-fermion
interaction but also six-fermion interaction (due to the KMT
term). Therefore, to study the mesonic excitations at finite
isospin chemical potential and temperature, we should first
construct an effective Lagrangian with only effective four-
fermion interactions.
Let us now construct an effective four-fermion interaction
L4fKMT for the KMT term. We expect that we obtain the same
self-energy Σ after taking the mean-field approximation for
L4fKMT. We do this by contracting out one quark and one anti-
quark field operator, such that an effective four-fermion inter-
action is remaining. Unlike the procedure for the vacuum case
where φud = 0, here we should take care of the effect of the
pion condensate φud that leads to scalar-pseudoscalar mixing.
After a tedious calculation, we obtain
L4fKMT = LsKMT +LpKMT +L
sp
KMT, (29)
where LsKMT is the scalar interaction part,
LsKMT = −
K
3 (2σl + σs)(
¯ψλ0ψ)2 + K2 σs(
¯ψλ3ψ)2
+
K
6 (4σl − σs)(
¯ψλ8ψ)2
+
√
2
3 K(σl − σs)(
¯ψλ0ψ)( ¯ψλ8ψ)
+ Kσs( ¯ψλ−1ψ)( ¯ψλ+1ψ)
+ Kσl( ¯ψλ−4ψ)( ¯ψλ+4ψ)
+ Kσl( ¯ψλ−6ψ)( ¯ψλ+6ψ), (30)
LpKMT is the pseudoscalar interaction part,
LpKMT =
K
3 (2σl + σs)(
¯ψiγ5λ0ψ)2 − K2 σs(
¯ψiγ5λ3ψ)2
− K6 (4σl − σs)(
¯ψiγ5λ8ψ)2
−
√
2
3 K(σl − σs)(
¯ψiγ5λ0ψ)( ¯ψiγ5λ8ψ)
− Kσs( ¯ψiγ5λ−1ψ)( ¯ψiγ5λ+1ψ)
− Kσl( ¯ψiγ5λ−4ψ)( ¯ψiγ5λ+4ψ)
− Kσl( ¯ψiγ5λ−6ψ)( ¯ψiγ5λ+6ψ), (31)
and LspKMT is the scalar-pseudoscalar interaction part,
LspKMT = −
√
3
6 Kφ
∗
ud
[( ¯ψiγ5λ0ψ)( ¯ψλ+1ψ) + ( ¯ψλ0ψ)( ¯ψiγ5λ+1ψ)]
−
√
3
6 Kφud
[( ¯ψiγ5λ0ψ)( ¯ψλ−1ψ) + ( ¯ψλ0ψ)( ¯ψiγ5λ−1ψ)]
+
K√
6
φ∗ud
[( ¯ψiγ5λ+1ψ)( ¯ψλ8ψ) + ( ¯ψλ+1ψ)( ¯ψiγ5λ8ψ)]
+
K√
6
φud
[( ¯ψiγ5λ−1ψ)( ¯ψλ8ψ) + ( ¯ψλ−1ψ)( ¯ψiγ5λ8ψ)]
+
K
2
φ∗ud
[
( ¯ψλ−6ψ)( ¯ψiγ5λ+4ψ) + ( ¯ψiγ5λ−6ψ)( ¯ψλ+4ψ)
]
+
K
2
φud
[
( ¯ψλ+6ψ)( ¯ψiγ5λ−4ψ) + ( ¯ψiγ5λ+6ψ)( ¯ψλ−4ψ)
]
. (32)
Here we have defined
λ±1 =
1√
2
(λ1 ± iλ2) ,
λ±4 =
1√
2
(λ4 ± iλ5) ,
λ±6 =
1√
2
(λ6 ± iλ7) . (33)
In the absence of pion condensate, φud = 0, the effective four-
fermion interaction recovers the result obtained in the previ-
ous literature [20]. The scalar-pseudoscalar interaction LspKMT
is purely induced by the pion condensation.
Then the mesonic excitations can be studied by using the
effective Lagrangian with only four-fermion interactions,
Leff = ¯ψ(iγµ∂µ − mˆ0)ψ +LS + L4fKMT. (34)
8For convenience, we rewrite the effective four-fermion inter-
actions in a compact form,
Leff = ¯ψ(iγµ∂µ − mˆ0)ψ +Φ†GΦ, (35)
where the bilinear field Φ is defined as
Φ =

¯ψλ−1ψ
¯ψλ+1ψ
¯ψλ3ψ
¯ψλ−4ψ
¯ψλ+4ψ
¯ψλ−6ψ
¯ψλ+6ψ
¯ψλ0ψ
¯ψλ8ψ
¯ψiγ5λ−1ψ
¯ψiγ5λ+1ψ
¯ψiγ5λ3ψ
¯ψiγ5λ−4ψ
¯ψiγ5λ+4ψ
¯ψiγ5λ−6ψ
¯ψiγ5λ+6ψ
¯ψiγ5λ0ψ
¯ψiγ5λ8ψ

(36)
and the effective coupling matrix G takes the block form
G =

G11 0 0 0 0 0 G17
0 G22 0 0 0 0 0
0 0 G33 0 0 G36 0
0 0 0 G44 0 0 0
0 0 0 0 G55 0 0
0 0 G63 0 0 G66 0
G71 0 0 0 0 0 G77

. (37)
The nonvanishing blocks of G are given by
G11 =
(
G + K
2
σs
)
I2,
G22 = G +
K
2
σs,
G33 =
(
G + K
2
σl
)
I4,
G44 = GI4 + K
(
A φudBT
φud B − 12σsI2
)
,
G55 = G − K2 σs,
G66 =
(
G − K
2
σl
)
I4,
G77 = GI2 − KA,
G17 = GT71 = Kφud B,
G36 = GT63 = KφudC, (38)
where In is the n × n identity matrix, and the matrices A, B,
and C are defined as
A =
 − 13 (2σl + σs)
√
2
6 (σl − σs)√
2
6 (σl − σs) 16 (4σl − σs)
 ,
B =
√
3
12
( −1 √2
−1
√
2
)
,
C = 1
4

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 . (39)
Using the compact form of the effective four-fermion inter-
action, the meson propagator D(q) in the random-phase ap-
proximation can be expressed as
D(q) = 2G1 − 2GΠ(q) , (40)
where q = (iνn, q) with νn = 2πnT being the boson Matsubara
frequency, and Π(q) is the polarization matrix given by
Πmn(q) =
∫ d4k
(2π)4 Tr
[
ΓmS(k + q)Γ∗nS(k)
] (41)
with the mesonic vertex Γm defined as
Γm =

λ−1 m = a
+
λ+1 m = a
−
λ3 m = a0
λ−4 m = κ
+
λ+4 m = κ
−
λ−6 m = κ
0
λ+6 m = κ¯
0
λ0 m = σ0
λ8 m = σ8
iγ5λ−1 m = π
+
iγ5λ+1 m = π
−
iγ5λ3 m = π0
iγ5λ−4 m = K
+
iγ5λ+4 m = K
−
iγ5λ−6 m = K
0
iγ5λ+6 m = ¯K
0
iγ5λ0 m = η0
iγ5λ8 m = η8
(42)
After the analytical continuation iνn → ω + i0+, the meson
masses are determined by the poles of the meson propagator
D(ω, q) at vanishing momentum q, i.e.,
det[1 − 2GΠ(ω = Mm, q = 0)] = 0. (43)
In the presence of pion condensate φud, there arise some off-
diagonal elements in the matrices G and Π that do not appear
for φud = 0. We define a matrix M ≡ 1 − 2GΠ and denote its
elements as M(i, j) = Mi j. After some matrix algebra, we find
that the determinant of M can be divided into some blocks,
det M = C1C2C3C4C5C6C7C8, (44)
9where Ci are given by
C1 = det

M(8, 8) M(8, 9) M(8, 10) M(8, 11)
M(9, 8) M(9, 9) M(9, 10) M(9, 11)
M(10, 8) M(10, 9) M(10, 10) M(10, 11)
M(11, 8) M(11, 9) M(11, 10) M(11, 11)
 ,
C2 = det

M(17, 17) M(17, 18) M(17, 1) M(17, 2)
M(18, 17) M(18, 18) M(18, 1) M(18, 2)
M(1, 17) M(1, 18) M(1, 1) M(1, 2)
M(2, 17) M(2, 18) M(2, 1) M(2, 2)
 ,
C3 = det
(
M(13, 13) M(13, 6)
M(6, 13) M(6, 6)
)
,
C4 = det
(
M(15, 15) M(15, 4)
M(4, 15) M(4, 4)
)
,
C5 = det
(
M(16, 16) M(16, 5)
M(5, 16) M(5, 5)
)
,
C6 = det
(
M(14, 14) M(14, 7)
M(7, 14) M(7, 7)
)
,
C7 = M(3, 3),
C8 = M(12, 12). (45)
Other matrix elements of M that do not appear above vanish
automatically.
In the absence of pion condensate φud, the nonvanishing
off-diagonal elements are M(8, 9) = M(9, 8) and M(17, 18) =
M(18, 17), which correspond to the σ0−σ8 mixing and η0−η8
mixing, respectively. At zero temperature and density, we re-
cover the meson spectroscopy of three-flavor QCD. The η0−η8
mixing and σ0 − σ8 mixing lead to the real mesonic excita-
tions, the pseudoscalar η, η′ mesons and scalar σ, f0 mesons,
respectively.
In the presence of pion condensate φud , 0, all the off-
diagonal elements shown in Eq. (45) are nonzero. Therefore,
the pion condensation generally leads to the mixing between
the scalar and pseudoscalar mesons. First, from the expres-
sions of C7 and C8, we observe that the π0 and a0 are the
eigenmodes of the mesonic excitations even in the presence
of pion condensation. For other mesonic excitations, we have
scalar-pseudoscalar mixing. In detail, the 4× 4 matrix C1 cor-
responds to the mixing between the scalar σ0 − σ8 sector and
the pseudoscalar π+ − π− sector. C2 corresponds to the mixing
between the scalar a+ −a− sector and the pseudoscalar η0 −η8
sector. The 2 × 2 matrices C3, C4, C5, and C6 describe the
K+ − κ0, K0 − κ+, ¯K0 − κ−, and K− − κ¯0 mixing, respectively.
Since we consider the case of zero strangeness chemical po-
tential µS = 0, we have
C3 = C5, C4 = C6. (46)
Therefore, the mesonic excitations from K+ − κ0 and ¯K0 − κ−
mixing are degenerate, and the excitations from K0 − κ+ and
K− − κ¯0 mixing are also degenerate.
Now we turn to our numerical results. We focus on the fol-
lowing three cases: (A) µI = 0, T , 0, (B) µI , 0, T = 0, and
(C) µI , 0, T , 0. Here we emphasize two points before we
present the numerical results: (1) In the superfluid phase with
φud , 0, only the π0 and a0 mesons carry the same quantum
numbers as those in the vacuum; other mesonic excitations
are generally mixtures of scalar and pseudoscalar contents.
Therefore, we may name the mesonic excitations in the super-
fluid phase by using the mesons in the normal phase according
to the fact that their masses are generally continuous at the su-
perfluid phase transition. (2) Some mesonic excitations have
nonzero decay width at high temperature and chemical poten-
tial. Here we focus on their real part masses.
A. µI = 0, T , 0
At finite temperature and vanishing isospin chemical po-
tential, pion condensation does not occur. Therefore, we have
only the η0 − η8 mixing and σ0 − σ8 mixing induced by the
UA(1) anomaly. In this paper, we consider the case that the
UA(1) strength K does not depend on the temperature. While
the mixing persists to exist at finite temperature, the meson
masses and the mixing angles change with increasing temper-
ature.
In Fig. 9, we show the meson masses with increasing tem-
perature T at µI = 0. Due to vanishing chemical potentials,
the masses of π+, π− and π0 are degenerate (denoted by π), the
masses of K+, K−, K0 and ¯K0 are degenerate (denoted by K),
and the masses of κ+, κ−, κ0 and κ¯0 are degenerate (denoted
by κ). Our results are consistent with those reported in the
previous studies [26, 27]. From the results of the chiral con-
densates shown in Fig. 1, we observe that the SUA(2) chiral
symmetry for light quarks becomes approximately restored at
high temperature. This fact is also reflected in the meson mass
spectra. At high enough temperature, we find that the masses
of the SU(2) chiral partners (π-σ, K-κ, and a-η) become ap-
proximately degenerate.
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FIG. 9. (color-online). The meson masses as functions of tempera-
ture T at zero isospin chemical potential.
B. µI , 0, T = 0
At zero temperature, the system undergoes a quantum phase
transition from the vacuum to the pion condensed phase at
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FIG. 10. (color-online). The meson mass spectra at finite isospin
chemical potential and zero temperature.
µI = mπ. It is interesting to study the behavior mesonic exci-
tations across this phase transition. Since we consider vanish-
ing strangeness chemical potential µS, the mesonic excitations
from K+ − κ0 and ¯K0 − κ− mixing are degenerate and the exci-
tations from K0 − κ+ and K− − κ¯0 mixing are also degenerate.
Therefore, in the following we only show the masses of K±
and κ± mesons. The numerical results for the meson masses
as functions of the isospin chemical potential are shown in
Fig. 10.
In the regime µI < mπ, pion condensation does not occur
and we have φud = 0. At zero temperature, the mesonic ex-
citations are the same as those in the vacuum, except for the
fact that the pole masses are shifted by the isospin chemical
potential. For a meson that carries an isospin quantum number
I, its mass at finite isospin chemical potential reads
MI = Mv − IµI, µI < mπ, (47)
where Mv is its mass in the vacuum. This result can be under-
stood by the fact that its energy-momentum dispersion at finite
isospin chemical potential reads ω(q) =
√
q2 + M2v − IµI and
its mass is defined as the pole MI = ω(0) at zero momentum.
We note that since the pions are the lightest meson in the me-
son spectra, the π+ mass first drops down to zero at µI = mπ.
This is consistent with the fact that the charged pions rather
than other mesons start to condense at µI = mπ.
In the superfluid phase µI > mπ, there exists not only the
mixing induced by the UA(1) anomaly but also the scalar-
pseudoscalar mixing induced by the nonvanishing pion con-
densate φud , 0. The masses of the mesonic excitations in the
superfluid phase should be determined by solving the equa-
tions,
Ci(ω = Mm, q = 0) = 0, i = 1, 2, ..., 8. (48)
First, at finite isospin chemical potential µI , 0, the flavor
symmetry for the light quarks, SUL(2)×SUR(2), is explicitly
broken down to UL(1)×UR(1) ≡ UI(1)×UIA(1) with the gen-
erator being the third component of the isospin (I3). We note
that the residual UI(1) symmetry is exact even for nonvan-
ishing current quark mass mq. The UI(1) symmetry is spon-
taneously broken by the nonzero pion condensate φud , 0,
leading to Bose-Einstein condensation of pions. Therefore,
we expect that a massless mesonic excitation appears in the
meson spectra, corresponding to the Goldstone mode in a su-
perfluid. Using the gap equations for the condensates σq, σs,
and φud, we find analytically that
C1(ω = 0, q = 0) = 0. (49)
Therefore, our treatment of the condensates and the collective
excitations self-consistently results in a massless mode, i.e.,
the Goldstone mode. The masses of the other mesonic excita-
tions can only be solved numerically, except for the π0 mass.
For the π0 meson, we have analytically Mπ0 = µI, which is the
same as that predicted by the two-flavor models [6, 29].
The numerical results for the mass spectra are shown in Fig.
10. We only denote the names of the mesonic excitations in
the normal phase µI < mπ, where the mesons carry the same
quantum numbers as in the vacuum. In the superfluid phase
µI > mπ, only the π0 and a0 modes carry their vacuum quan-
tum numbers. For other mesonic excitations, they generally
contain both scalar and pseudoscalar contents. However, we
still name the mesonic excitations in the superfluid phase ac-
cording to the fact that their masses are continued with the
mesons in the normal phase at the phase transition µI = mπ. At
finite isospin chemical potential, the SUA(2) chiral symmetry
for the light quarks is explicitly broken down to UIA(1). Since
the chiral condensates for light quarks become very small at
large isospin chemical potential, we may expect approximate
restoration of the chiral symmetry in the superfluid phase. Ac-
tually, at large isospin chemical potential (e.g., µI = 3mπ), we
find that the content of the “π− meson” is almost that of the
σ meson. Therefore, the degeneracy of the masses of the π0
and π− meson reflects the approximate restoration of the chiral
symmetry.
C. µI , 0, T , 0
Finally, we discuss the general case of nonzero tempera-
ture and isospin chemical potential. First, let us fix the isospin
chemical potential µI = 250MeV and study the mesonic exci-
tations across the temperature-induced superfluid phase tran-
sition. The finite-temperature behavior of the chiral and pion
condensates is shown in Fig. 4, which indicates a super-
fluid phase transition at T = Tc = 187.2MeV. The finite-
temperature behavior of the meson masses for fixed µI =
250MeV is shown in Fig. 11.
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FIG. 11. (color-online). The meson masses as functions of the tem-
perature T at fixed isospin chemical potential µI = 250MeV. The
thin dashed lines denote the superfluid phase transition at T = Tc =
187.2MeV.
In the superfluid phase T < Tc, the mesonic excitations ex-
cept for π0 and a0 contain both scalar and pseudoscalar con-
tents. We name the excitations according to the fact that their
masses are continuous in the regime T < Tc, and we have
named the mesonic excitations at T = 0 in Fig. 10. Above the
critical temperature Tc, the pion condensate φud vanishes and
all mesonic excitations can be characterized by their quantum
numbers. In Fig. 11, we observe that some meson masses are
discontinuous across the superfluid phase transition. At high
temperature, since the light quark chiral condensate becomes
very small, we expect that the residual UIA chiral symmetry
gets restored. Actually, we find that the masses of the U(1)
chiral partners (K+-κ+, K−-κ−, π0-σ, and a0-η) become ap-
proximately degenerate.
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FIG. 12. The chiral and pion condensates as functions of the isospin
chemical potential µI at fixed temperature T = 195MeV.
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FIG. 13. (color-online). The meson masses as functions of the
isospin chemical potential µI at fixed temperature T = 195MeV.
Next we fix the temperature T = 195MeV and study the
isospin splitting effect on the mesonic excitations. The be-
havior of the chiral and pion condensates at T = 195MeV
is shown in Fig. 12. The pion condensate φud always van-
ishes and the light quark chiral condensate σq becomes small
at large isospin chemical potential. Since the pion condensate
vanishes, all mesonic excitations can be characterized by their
quantum numbers. The meson mass spectra are shown in Fig.
13. We find clearly that the mass splitting of the isospin part-
ners (K+ − K−, κ+ − κ−, π+ − π− and a+ − a−) becomes larger
and larger with increasing isospin chemical potential.
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IV. TOPOLOGICAL SUSCEPTIBILITY AT FINITE
ISOSPIN DENSITY
The topological susceptibility χ is a fundamental correla-
tion function in QCD and is the key to understanding much of
the distinctive dynamics in the UA(1) channel. In this section
we calculate the topological susceptibility χ at finite isospin
chemical potential µI within the framework of the three-flavor
NJL model. The general expression of χ to the leading or-
der in the 1/Nc expansion at finite temperature and vanish-
ing chemical potentials for the NJL model has been derived
by Fukushima et al. [23]. On the other hand, the finite-
temperature behavior of the topological susceptibility can be
determined by lattice simulations of QCD at T , 0 [24].
Therefore, the temperature dependence of the UA(1) anomaly
strength K in the NJL model can be determined by using the
lattice data. A vanishingly small K at high temperature can be
regarded as the effective restoration of the UA(1) symmetry.
Since there are no lattice data for the topological suscep-
tibility at finite µI, in this section we study the behavior of
χ at finite µI, by treating the UA(1) anomaly strength K as a
constant. The µI dependence of the UA(1) anomaly strength K
may be determined if lattice data for χ at finite µI are available
in the future. In the following we first derive a general expres-
sion of χ to the leading order in the 1/Nc expansion at finite
isospin chemical potential and temperature, where the pion
condensate φud can be nonzero. To this end, we first show the
definition of χ and therefore start with the QCD Lagrangian
density,
LQCD = −14 F
a
µνF
aµν
+ ¯ψ(iγµDµ − mˆ0)ψ + θQ (50)
where Faµν represents the gluon field strength tensor, Dµ =
∂µ + igAµ is the covariant derivative with Aµ being the gluon
field and g the QCD coupling constant, θ is the QCD vacuum
angle, and Q is the topological charge density. The topological
charge density Q is given by
Q(x) = g
2
32π2
FaµνF˜
aµν. (51)
The topological susceptibility χ can be defined as a second-
order derivative of the vacuum energy density ε with respect
to θ at θ = 0,
χ =
∂2ε
∂θ2
∣∣∣∣∣∣
θ=0
=
∫
d4x〈0|TQ(x)Q(0)|0〉connected, (52)
where T denotes the time-ordering operator, and the sub-
script “connected” means to pick out the diagrammatically
connected contributions. On the other hand, χ can also be
regarded as the zero frequency mode of the Fourier transform
of the correlation function 〈TQ(x)Q(0)〉,
χ = lim
k→0
∫
d4xe−ik·x〈TQ(x)Q(0)〉. (53)
In order to calculate χ in the NJL model, we need to find
a correspondent to Q(x) in the model. In QCD the axial cur-
rent Jµ5 = ¯ψγ
5γµψ is not conserved due to the UA(1) anomaly
induced by the instanton effect. This fact can be expressed as
∂µJµ5 (x) = 2N f Q(x) + 2i ¯ψmγ5ψ. (54)
On the other hand, in the NJL model, the UA(1) anomaly is
caused by the KMT term. We find [23]
∂µJµ5 = 4N f KImdetΦ + 2i ¯ψmγ5ψ, (55)
where Φi j = ¯ψi(1 − γ5)ψ j with i, j being the flavor indices.
Comparing the expressions (54) and (55), we find that the
topological charge density in the NJL model can be defined
as
Q(x) = 2KImdetΦ = −iK [detΦ − (detΦ)∗] . (56)
Having obtained the expression of the topological charge
density Q(x) in the NJL model, we can go on to calculate the
topological susceptibility χ according to the definition (52).
Using the identities
detΦ = ǫi jk( ¯ψuΓ−ψi)( ¯ψdΓ−ψ j)( ¯ψsΓ−ψk),
(detΦ)∗ = ǫlmn( ¯ψuΓ+ψl)( ¯ψdΓ+ψm)( ¯ψsΓ+ψn), (57)
where Γ± = 1 ± γ5 and the summation over the flavor indices
(i, j, k, l,m, n) is implicit, we can express the topological sus-
ceptibility χ as [23]
χ =
∫
d4x〈0|TQ(x)Q(0)|0〉connected
= − K2
∫
d4xǫi jkǫlmn〈0|T{( ¯ψuΓ−ψi)( ¯ψdΓ−ψ j)( ¯ψsΓ−ψk)(x)( ¯ψuΓ−ψl)( ¯ψdΓ−ψm)( ¯ψsΓ−ψn)(0)
− ( ¯ψuΓ−ψi)( ¯ψdΓ−ψ j)( ¯ψsΓ−ψk)(x)( ¯ψuΓ+ψl)( ¯ψdΓ+ψm)( ¯ψsΓ+ψn)(0)
− ( ¯ψuΓ+ψi)( ¯ψdΓ+ψ j)( ¯ψsΓ+ψk)(x)( ¯ψuΓ−ψl)( ¯ψdΓ−ψm)( ¯ψsΓ−ψn)(0)
+ ( ¯ψuΓ+ψi)( ¯ψdΓ+ψ j)( ¯ψsΓ+ψk)(x)( ¯ψuΓ+ψl)( ¯ψdΓ+ψm)( ¯ψsΓ+ψn)(0)}|0〉connected. (58)
Next we need to evaluate the above four matrix elements.
Following Wick’s theorem, we take full contraction in terms
of the quark propagator S(x, x′) which has been constructed
in Eq. (20) with the condensates determined by the self-
consistent gap Eqs. (24).
To be self-consistent, we consider only the leading-order
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FIG. 14. The simplest leading-order contribution to the topological
susceptibility in the 1/Nc expansion. The gray circle denotes the
UA(1) anomaly coupling K.
FIG. 15. Other leading-order contributions (ring diagrams) to the
topological susceptibility.
contributions in the 1/Nc expansion. The simplest leading-
order contribution χA ∼ O(N5c ) is shown in Fig. 14. In the
presence of pion condensate φud, the quark propagatorS(x, x′)
is not diagonal in the flavor space. This brings many more
contributions than the case of φud = 0. To evaluate χA, we
just need to replace the topological charge density Q(x) by its
mean-field approximation
Qmf(x) ≃
(
1
2
√
6
|φud |2 + 4√
6
σlσs +
2√
6
σ2l
)
K( ¯ψλ0iγ5ψ)
+
(
− 1
2
√
3
|φud|2 +
2√
3
σlσs −
2√
3
σ2l
)
K( ¯ψλ8iγ5ψ)
− 1√
2
φ∗udKσs( ¯ψλ+1ψ) −
1√
2
φudKσs( ¯ψλ−1ψ). (59)
Then the contribution χA can be expressed in a compact form,
χA = 4K2PTΠP, (60)
where the matrices P and Π are given by
P =

−1
4
√
6
|φud|2 − 2√6σlσs −
1√
6
σ2l
1
4
√
3 |φud|
2 − 1√3σlσs +
1√
3σ
2
l
1
2
√
2
φ∗
udσs
1
2
√
2
φudσs
 (61)
and
Π =

Πη0η0 Πη0η8 Πη0a+ Πη0a−
Πη8η0 Πη8η8 Πη8a+ Πη8a−
Πa+η0 Πa+η8 Πa+a+ Πa+a−
Πa−η0 Πa−η8 Πa−a+ Πa−a−
 . (62)
Note that the matrixΠ is actually the matrix in the determinant
C2, but evaluated at (ω, q) = (0, 0).
Other contributions to χ that are of the same order in 1/Nc
expansion as χA are shown in Fig. 15. They are regarded
as the ring diagrams, and we have to include all these ring
diagrams for consistency of the 1/Nc expansion. They are of
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FIG. 16. The topological susceptibility χ (we show χ1/4) as a func-
tion of temperature T for µI = 0 and µI = 250MeV. The thin dashed
line denotes the superfluid phase transition.
the same order as Fig. 14. To show this, we notice that while
each four-point vertex is of order O(N−1c ), it is compensated
by a factor Nc coming from its neighboring loop. The sum of
these ring diagrams with the one-loop diagram included can
be physically interpreted as the propagations of some certain
mesonic modes. In the absence of the pion condensate, it can
be interpreted as the propagations of η0 and η8 mesons as well
as their mixing. However, for φud , 0, we will see that the
propagations of a± mesons as well as their mixing with η0 and
η8 mesons are involved. Note that the energy and momentum
of the propagating mesonic modes are zero; (ω, q) = (0, 0),
which just reflects the fact that χ is the zero frequency mode of
the Fourier transform of 〈TQ(x)Q(0)〉. Summing all these ring
diagrams, we find that the contribution χB can be expressed as
χB = 4K2PTΠ
2G
1 − 2GΠΠP, (63)
where the effective coupling matrix G is given by
G = GI4 + K
( −A φudBT
φudB 12σsI2
)
. (64)
Here the matrices A and B have been defined in (39).
The final result for the topological susceptibility reads
χ = χA + χB = 4K2PT Π
1 − 2GΠP. (65)
At vanishing isospin chemical potential, µI = 0, by setting the
pion condensate φud = 0, we find that the above result for χ
recovers the one derived by Fukushima et al. [23].
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FIG. 17. The topological susceptibility χ (we show χ1/4) as a func-
tion of µI for T = 0 and T , 0.
Now we present the numerical results for the topological
susceptibility χ at finite isospin chemical potential and at fi-
nite temperature. For our model parameter set, the topologi-
cal susceptibility χ in the vacuum reads χ0 = (179.3MeV)4,
consistent with the lattice data [24]. In Fig. 16, we show
the finite-temperature behavior of χ at vanishing and at fi-
nite isospin chemical potentials. We find that the temperature
effect leads to suppression of the topological susceptibility,
both in the normal phase and in the pion superfluid phase.
We may expect that the density effect would also reduce the
topological susceptibility. The behavior of χ with increasing
isospin chemical potential µI is shown in Fig. 17. However,
we find that the isospin density effect is quite different from
the temperature effect. At zero temperature, χ keeps its vac-
uum value in the regime µI < mπ and then starts to increase
with increasing µI in the superfluid phase µI > mπ, where a
nonzero isospin density nI is generated. At finite temperature,
χ first decreases in the normal phase and reaches a minimum
at the superfluid transition. In the superfluid phase, χ becomes
again enhanced by the isospin chemical potential. However,
the increase in the topological susceptibility is not large. At
zero temperature, the quantity χ1/4 is increased by only about
8MeV at µI = 4mπ. The enhancement of the topological sus-
ceptibility at finite isospin density is similar to the behavior of
the gluon condensate [30], which also gets enhanced by the
isospin density effect.
Finally, we point out that the numerical results presented
above are obtained by treating the UA(1) anomaly K as a con-
stant, which implies no effective restoration of the UA(1) sym-
metry. However, it is generally believed that the UA(1) sym-
metry becomes effectively restored at high density and there-
fore K is generally µI dependent. The behavior of χ observed
above could be qualitatively reliable at small and even at mod-
erate isospin density, since we expect the density dependence
of K is slight there. At large enough isospin density, we ex-
pect K goes to zero and the UA(1) symmetry gets effectively
restored. If the lattice data for χ at finite µI becomes available
in the future, we can determine the µI dependence of K and
therefore study the restoration of the UA(1) symmetry at finite
density.
V. SUMMARY
In summary, we have studied the three-flavor Nambu–Jona-
Lasinio model with UA(1) anomaly at finite isospin chemical
potential. Similar to the two-flavor models, the three-flavor
NJL model also predicts a quantum phase transition from the
vacuum to the pion superfluid phase, which takes place ex-
actly at µI = mπ. However, due to the UA(1) anomaly, the
strangeness degree of freedom couples to the light quark de-
grees of freedom, and the strange quark effective mass de-
pends on the pion condensate. This coupling is absent if the
UA(1) anomaly strength K is turned off. Numerically, we find
that the strange quark condensate and the strange quark effec-
tive mass change very slightly in the pion superfluid phase,
which verifies the validity of the two-flavor models. To study
the mesonic excitations in the isospin dense medium, we have
constructed the effective four-fermion interaction of the KMT
term in the presence of pion condensation. We find that the
pion condensation generally induces scalar-pseudoscalar in-
teraction in the presence of UA(1) anomaly strength K. The
propagator of the mesonic excitations is established within the
framework of the random-phase approximation. The meson
mass spectra are studied at finite isospin chemical potential
and temperature. Finally, we have derived the general ex-
pression for the topological susceptibility χ at finite isospin
chemical potential with nonvanishing pion condensate. We
find that the topological susceptibility χ gets enhanced in the
pion superfluid phase; that is, the isospin density effect leads
to the enhancement of χ, in contrast to the finite temperature
effect which generally reduces χ. Our model predictions may
be tested by future lattice simulations of 2 + 1 flavor QCD at
finite isospin density.
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